Elementary Operationsin Linear Algebra

Matrix
A rectangular array of numbers. That is numbers are arranged in rows and columns. Subscripts are used to

denote the position of an element. By convention, the first subscript denotes the row, and the second denotes
the column.

Dimengion
The number of rows and columns in amatrix.

Rank
The number of linearly independent rows and columns in a matrix.

Vector
A matrix with a sngle column or row.

Scaar
A single number, i.e., amatrix with one row and one column.

Square Matrix

The number of rows is the same as the number of columns. The diagond of a square matrix refersto the
diagond eements sarting in the upper left and ending in the bottom right.

All diagond €ements have the same row and column designétion, or A, ;.
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Some specid square matrices are
Symmetric: A = Ay
€1 2 3l
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ldentity: A;; =1, and A;; = Ofori 0 j. That isthe diagona dements are dl 1's and the off diagond
dementsare dl O's.
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Elementary Operations
Equdity

All the dements are the same.
A i B; it
Addition/subtraction

Combine eements by position, which requires the matrices to have the same dimensions.

For example,
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Scaar Multiplication
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Matrix Multiplication

Place the matrices side by sdein the order indicated. The number of columnsin the first matrix must
equd the number of rows in the second matrix. The dimension of the resultant matrix hasthe first
matrix’s row dimension and the second matrix’ s column designation.
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For example:

[Al,5[Bls, = [Cly,
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The order is crucid. For example:
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But suppose B is now a 3x4 matrix:

[Al5[Blss = [Cly,
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But the reverse, [B]; 4 [A], 3 is not defined.

Vector Multiplication
Either ascalar or amatrix isthe result.
[A]l,n [B]n,l = [C]l,l

[A]n,l [B]l,n = [C]n,n

For example
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Transpose

I nterchange the rows and columns, denoted by a T or N superscript.

[A]] = A
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Determinant

A scdar that is the sum of sdlected products of the eements of a square matrix, usualy written as |A|.
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For a 3x3 matrix A:
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If the determinant of amatrix = 0, then at least one row (or column) isalinear combination of the other
rows (or columns).

Minor
The determinant of a matrix formed by dropping the ith row and jth column.
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Cofactor
A dgned minor

m; = (D" Mi,j‘

Inverse
The process of division does not exist in linear dgebra. It is replaced with the process of multiplication

by amatrix caled the inverse. Theinverse of amatrix A isamatrix whose product with A isthe identity
matrix.

AAl=],andA*A =
Thistype of inverseis a square matrix and is unique.

The inverse can be expressed in terms of cofactors. The usefulness of thisway of expressing the inverse
will be seen when we discuss the problem of multicollinearity.
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Sum of the squares and cross products.

Let the matrix X have the form:
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The sum of the squares and cross products is a symmetric, positive definite matrix. The latter isuseful in
andyzing the second order conditions for a minimum.

Trace
The sum of the diagona eements. Only gpplies to square matrices.
| dempotent matrix
A matrix pre or post multiplied by itsdlf resultsin the same matrix.
A A=A, soit only gppliesto square matrices.

The trace of an idempotent matrix equas its rank.



For example:
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An idempotent matrix is useful in regression anadysis. Suppose there is amatrix [X],, . Then the product
Xk n N [X]nk isaKxK matrix.

Let A = X(XNX)2XN. Then:
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